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We report the observation of polarization singularities in momentum space of 2D photonic quasicrystal
slabs. Supercell approximation and band-unfolding approach are applied to obtain approximate photonic
dispersions and the far-field polarization states defined on them. We discuss the relations between the
topological charges of the polarization vortex singularities at Γ points and the symmetries of photonic
quasicrystal slabs. With a perspective of multipolar expansions for the supercell, we confirm that the
singularities are protected by the point-group symmetry of the photonic quasicrystal slab. We further
uncover that the polarization singularities of photonic quasicrystal slab correspond to quasibound states in
the continuum with exceptionally high-quality factors. Polarization singularities of different topological
charges are also experimentally verified. Our Letter introduces core concepts of optical singularities into
quasiperiodic systems, providing new platforms for explorations merging topological and singular optics.
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Largely fueled by the recent explosive developments of
nanophotonics and its related disciplines of topological
and/or non-Hermitian photonics [1–7], optical singularities
[8–11] (singularities of phase and polarizations, in particu-
lar [12–20]) have rapidly pervaded various branches of
photonics. Through the unique perspective of singularities,
subtle connections have been established among a
wide range of fundamental concepts, including but not
limited to electromagnetic multipoles [20,21], bound states
in the continuum (BICs) [22–27], geometric phase [28–31],
topological charge conservation [16,18,30], non-Hermitian
degeneracies [6,30,32,33], and optical chirality [34,35],
which renders broader and deeper insights into many exotic
optical phenomena. Unfortunately, so far along the line to
exploit optical singularities together with other fundamen-
tal concepts has been implemented mainly in periodic
photonic crystals, the functionalities of which are severely
constrained by their limited rotational symmetry (sixfold at
most) and the thus induced optical anisotropy. It is rather
natural to expect that further extensions from periodic to
quasiperiodic systems, exhibiting both long-range order
and unlimited rotational symmetry [36–50], would not only
help to surmount the aforementioned obstacles, but also
open up new vistas in further explorations into singularity-
related light matter interactions.
In this Letter, the polarization singularities on the

photonic dispersions of 2D photonic quasicrystal (PQC)
slabs are reported. These singularities, where the intensity
of far field vanishes (referred to as V points), are the centers
of polarization vortices in momentum space. Because of the

high rotational symmetry of quasicrystals, singularities
with high-order topological charges are observed both
theoretically and experimentally. The fundamental con-
cepts we discuss in this Letter (singularity, topology, and
quasiperiodicity) are not exclusive or confined to photonics
only, but are rather pervasive in many other disciplines and,
in particular, condensed matter physics.
We first study the eigenmodes and photonic dispersions

of PQC slabs, applying the supercell calculation and band-
unfolding approach [45,51–54]. The supercell containing
quasicrystal fragments is obtained from rational periodic
approximants of quasicrystals [55–57]. A square-shaped
supercell of the second-order approximation of an eightfold
PQC slab is shown in Fig. 1(a) (see Supplemental Material
[58]). Its Fourier transform (FT) pattern exhibits similar
diffraction patterns to those of ideal quasicrystal, as shown
in Fig. 1(b). In the periodic approximation of quasicrystals,
there are two sets of reciprocal lattice vectors. The first one
is the reciprocal lattice vectors of the supercell, defined as
Gnm ¼ nB1 þmB2, where B1 and B2 are the reciprocal
lattice basis vectors of the periodic square-shaped super-
cell structure, and n and m are arbitrary integers. The other
one is the reciprocal lattice vector of the quasicrystal
structure, denoted as g. Note that the formed set fgg is
a subset of fGnmg. As an example, for an eightfold
rotational quasicrystal with a square-shaped supercell, its
basic set of vectors g is shown in Fig. 1(b), denoted as
fbi; i ¼ 1; 2; 3; 4g. For the second-order approxima-
tion, these basis vectors can be identified as b1 ¼ G70;
b2 ¼ G07;b3 ¼ G55, and b4 ¼ G−55. Thus, an octagon in
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reciprocal space is defined as the pseudo-BZ (PBZ) of an
eightfold quasicrystal [56], as shown in Fig. 1(b). Here the
half of PBZ is indicated as the green zone in Fig. 1(c). In
Fig. 1(c), the first Brillouin zone of the supercell (SBZ) is
also indicated as the orange zone. The wave vectors inside
the PBZ (SBZ) are denoted by k⃗ðK⃗Þ and they obey the
relation k⃗ ¼ K⃗ þGnm for the geometric symmetry of two
Brillouin zones. The eigenmodes jK⃗;ωi obtained from the
supercell calculation can construct band structure ωðK⃗Þ. To
get the approximate dispersion of quasicrystal ωðk⃗Þ, the
band-unfolding approach is used to project the SBZ bands
onto PBZ.
In Fig. 1(c), we show the schematic views of the

unfolding process of SBZ bands. According to the
Bloch theorem for photonic crystals, the wave function
of eigenmode jK⃗;ωi on the SBZ bands can be written as

uK⃗ðrÞeiK⃗·r, where uK⃗ possesses the spatial periodicity and
can be expanded in Fourier series. Meanwhile, the uK⃗
within a single supercell possesses the features of the PQC
slab and the corresponding FT pattern will have similar
diffraction spots as that of the supercell structure. When
these diffraction spots of the FT pattern of uK⃗ are exactly
overlapping with the g vectors, this mode can be approxi-
mated to the eigenmode of the quasicrystals and can be
mapped onto the PBZ at k⃗ ¼ K⃗ with the same frequency;
when these diffraction spots are not overlapping with the g
vectors, a properGnm needs to be found to unfold this mode
onto the PBZ. Actually, this mode can be rewritten

as ũðK⃗þGnmÞðrÞeiðK⃗þGnmÞ·r with a vector Gnm, where

ũðK⃗þGnmÞ ¼ uK⃗ðrÞe−iGnm·r. Once the FT pattern of
ũðK⃗þGnmÞ for a certainGnm has diffraction spots overlapping

with the g vectors, this suggests that the mode jK⃗;ωi lain in
SBZ possesses Bloch character k⃗ ¼ K⃗ þGnm and can be
represented as jk⃗;ωi. Specifically, some unfolding
examples of the calculated modes marked as dots A–C
in Fig. 1(c) are shown. The structure parameters of
a square lattice supercell of an eightfold PQC slab are as
follows: lattice constant A ¼ 7a, a ¼ 0.48 μm, thickness
h ¼ 0.1 μm, and refractive index n ¼ 2.0 with filling ratio
0.79. For a mode at the boundary of SBZ (dot A), its FT
pattern is shown in Fig. 1(d), and its corresponding field
profile is plotted in the bottom-right corner. We can find
one dominant diffraction spot on this pattern and can
overlap with the g vectors by shifting one unit to the left.
Thus, this mode should be unfolded into jK⃗ þG10;ωi,
indicated in Fig. 1(c) as fromA toA0. For an at-Γmode, its
FT pattern shows eight diffraction spots overlapping with g
vectors, as plotted in Fig. 1(e). SoGnm ¼ 0 and k⃗ ¼ 0. This
mode should reserve at Γ point, as dot B marked in
the schematic band in Fig. 1(c). Figure 1(f) is similar to
Fig. 1(e), except for a mode of another band (dot C). When
repeating the unfolding of thousands of SBZ eigenmodes,
we will obtain the dispersion of quasicrystals in the PBZ.
In Fig. 2(a), the unfolded dispersions of TM-like modes

for 2D eightfold PQC slab are plotted. Compared to the
model of empty-lattice approximation [61], the band-
unfolding scheme through the supercell calculation not
only can be applied to the PQC in high index contrast, but
also shows great potential for revealing various photonic
properties including the band gap and the far-field polari-
zation states of the radiation mode. This approach will
become a powerful and generic method for investigations
of PQCs. Subsequently, we would obtain the projected
polarization field on these PQC slab dispersions. The
polarization field is defined by collecting the far-field
polarization state of each radiation mode on one specified
band (or dispersion) and mapping the projected polariza-
tion states on the x − y plane onto the momentum space
[13,16,19]. The polarization maps near the Γ point of TM-
like dispersions [−1000] and [1000] are plotted in Fig. 2(b).
We can see that the vortex polarization singularities
(V points) appear in the center of vortex fields. The carried
topological charges are þ1 and −3, corresponding to the
left and right panel of Fig. 2(b), respectively. To deeply
understand the topological properties of the polarization
singularities, symmetry analyses in both momentum and
real spaces are shown below.
To begin with, we use the group theory to analyze the

relations between the topological charges of polarization
vortex in the vicinity of the Γ point and the symmetry of the
eightfold PQC slabs in the momentum space. At the Γ
point, its point group is C8v. Thus, there are two singly
degenerate modes and six doubly degenerate modes for the
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FIG. 1. Band unfolding of PQC slab through supercell approxi-
mation. (a),(b) Supercell of eightfold PQC slab and Fourier
transform pattern. (c) Schematic view of band unfolding. The
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bands. (d)–(f) Unfolding examples of computed modes marked as
dots A–C in (c).
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first scattering order. Both doubly degenerate modes
and singly degenerate modes would correspond to the
vortex polarization singularities, where the far-field polari-
zation is undetermined or undefinable [32,33]. The possible
topological charges at high-symmetry points can be deter-
mined by the directions of those polarization vectors on the
mirror-invariant momentum lines surrounding the high-
symmetry point [15]. For the 2D eightfold rotational PQC
slab, there are eight mirror-invariant lines in the PBZ
intersecting at the Γ point. On these high-symmetry lines,
the far-field polarization state is liner polarized, and the
projected polarization vector would be either parallel or
perpendicular to these lines. By exhausting all possible
combinations of the projected polarization vectors on these
high-symmetry lines, all possible topological charges at Γ
point are 8nþ 1 and 8n − 3 with an integer n. Specifically,
for 8nþ 1 charges, the projected polarization vectors will
be synchronously parallel or perpendicular to these adja-
cent high-symmetry lines. But for 8n − 3 charges, the
projected polarization vectors will be one parallel, while
another one is perpendicular to two adjacent lines. The
configurations of polarization vortices around the high-
symmetry point in the case of n ¼ 0 are shown in Table S1
of the Supplemental Material [58].
The topological properties of these polarization singu-

larities not only can be revealed from the polarization states
around the high-symmetry point, but also can be analyzed
from the multipolar radiation of near-field displacement
currents of the corresponding modes. With the perspective
of multipolar radiation, the V points or BICs of photonic
crystal slabs have been interpreted as overlapping of
radiation singularities on the momentum sphere of the unit
cell with specific open channel [21,62]. The assigned
Poincaré index of each radiation singularity is essentially

equivalent to the topological charge of the polarization
vortex [21]. Especially, the index of singularities along the
z direction (perpendicular to the structure plane) can be
obtained directly by azimuthal quantum number m of
multipoles, 1 − jmj. We thus employ the multipolar expan-
sion to the singly degenerate modes corresponding to the V
points with 8nþ 1 and 8n − 3 charges. These modes are,
respectively, transformed according to the A1 and B1

irreducible representations of C8v. The expansion coeffi-
cients that correspond to electric and magnetic multipoles
are carried out by the near-field displacement currents
within the supercell. The radiated fields of multipoles are
characterized by vector spherical harmonics Mlm and Nlm
[63,64]. Figure 3(a) shows the dominant multipolar com-
ponents of the TM-like A1 mode and Fig. 3(b) shows that of
the B1 mode. Other minor multipoles are not shown,
without affecting the following conclusion. For both A1

and B1 modes, it is certain that all nonzero multipolar
components have radiation singularities along the z direc-
tion. The major dominant multipole of A1 mode is N10, and
its index of singularity along the z direction is þ1. For the
B1 mode, the major dominant multipole is M4;�4, and its
index of singularity is −3. (See Supplemental Material [58]
for a detailed discussion of the existence of high-order
multipoles.) These indexes are consistent with the topo-
logical charge of the polarization vortex. The correspond-
ing vector field patterns close to singularities present
similar vortex configurations to polarization maps shown
in Fig. 2.
To further understand the radiation singularities of the

PQC slabs, we turn to ideal quasicrystal without the
periodic approximation. We will show that the radiation
singularities are protected by the symmetries of quasicrys-
tal displayed in real space. To describe the ideal quasi-
crystals in the real space, the cluster model has been
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proposed to view the local cluster as the building blocks of
quasicrystal structures [65–67]. The local clusters of an
eightfold PQC slab occupy an octagon that possesses
symmetries of C8v (see Supplemental Material [58]). We
now apply the group-symmetry approach [68–72] to
analyze the multipolar radiation of the local cluster of
the PQC slab. First and foremost, due to the highest
rotational operation being Cz

8 for the local cluster, the
multipoles with m ¼ �1, which only satisfy the C2 rota-
tional symmetry, are not allowed for the mode with A1 or
B1 irreducible representations. These multipoles Ml;�1

(Nl;�1) are the only radiative content along the z direction.
Specifically, on the constrains of reflection and rotational
operations, all possible multipolar components are classi-
fied in accordance with two irreducible representations in
Table S1 of the Supplemental Material [58]. The lowest-
order multipole of mode A1 and mode B1 is N10 andM4;�4,
respectively, which is consistent with the results of multi-
polar expansion of near-field displacement currents within
the supercell summarized in Fig. 3. In virtue of the
symmetry analyses, we conclude that the radiation singu-
larities along the z direction of two singly degenerate
modes at Γ point are guaranteed by the C8v symmetry.
Although we focused on the eightfold PQC slabs here, the
same discussions can be extended to other systems, such as
10- and 12-fold rotational PQC slabs.
Based on group-symmetry analyses and multipolar

expansion, the existence of radiation singularities along
the z direction confirmed that the polarization singularities
of PQC slabs are an inevitable result of point-group
symmetry and seems to predict that those polarization
singularities at the Γ point will also be BICs, as in periodic
photonic crystals [12–16,21–27]. Nevertheless, unlike the
finite radiation channels of modes of periodic structures
that corresponds to diffractions channels of different orders
along certain directions, the modes of the PQC slab actually
have countless outgoing channels for the absence of
translational symmetry, even though all the main radiation
channels are limited to a small range for the relatively sharp

peaks in the diffraction pattern of the PQC slab. As a result,
the electromagnetic energy of the PQC slab mode will
partially leak out to the free space from channels around the
singularities. Therefore, in contrast to the periodic scenario,
the polarization singularity of the PQC slab at the Γ point
would be quasi-BICs, i.e., leaky mode with high-quality
factor (Q). The simulated Q maps, plotted in Figs. 3(c) and
3(d) for the TM-like A1 and B1 modes, show the corre-
sponding quasi-BICs of which the Q tend to infinity when
considering only the zero-order channel. Obviously, the
presence of other radiation channels would reduce the
actual Q.
For an experimental observation of those phenomena, we

fabricate plasmonic quasicrystals to verify theoretical
analyses. The plasmonic quasicrystals are poly(methylme-
thacrylate) thin film with the quasicrystals pattern fabri-
cated using electron-beam lithography coating on the flat
silver film. We applied our homemade momentum-space
imaging spectroscopy system to obtain their angle-resolved
reflectance spectrum, as shown in Fig. 4(a) with their SEM
image in Fig. 4(b). The spectrum shows the existence of a
diminishing point at the Γ point. The disappearance
indicates that those modes are hardly to be excited and
are nearly decoupled from the free space. Considering that
the behavior of the surface plasmon polaritons (SPPs) at the
metal-dielectric interface is similar to the lowest TM-like
guided modes, we can compare the measured polarization
state fields with the TM-like simulated polarization maps.
By changing the orientation of the analyzer to 0°, 45°, and
90° relative to the direction of the entrance slit of the
spectrometer, we measured polarization-dependent reflec-
tance spectrum of SPP modes and extracted the polarization
state from them using the temporal coupled mode theory
analyses [15,17]. The extracted polarization state fields are
plotted in Fig. 4(d). We can directly see vortex configu-
rations around the quasi-BICs and the topological charges
are coincident with the theoretical and simulated results. It
is worth mentioning that higher topological charges are
more accessible in quasicrystals that are not limited by
sixfold rotation symmetry. For example, we have indeed
observed a charge of −5 in 12-fold rotational plasmonic
quasicrystals, as shown in Fig. S11 in the Supplemental
Material [58]. Similar phenomena can be observed in the
PQC slabs (see details in the Supplemental Material [58]).
In addition, various polarization singularities also exist in
the degenerate bands at the Γ point, see Fig. S7 [58].
In conclusion, we have theoretically verified and exper-

imentally observed the existence of the polarization sin-
gularities of 2D quasicrystal structures with high-rotational
symmetry. Our Letter shows that the polarization singu-
larities in the momentum space do not depend on the
translational symmetry, but the point-group symmetry
plays a key role in topological polarization properties of
photonic structures. Sole rotational symmetry of quasicrys-
tals can generate polarization singularities of charges that
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are inaccessible in their periodic counterparts, which may
provide extra freedom for various singularity-related opti-
cal applications, including generation of higher charges
vortex beam [27] and topological vortex microlaser
[73,74]. In addition to higher charges, rich degeneracies
at the Γ point are another fundamental advantage from
high-rotational symmetry of quasicrystals. With the further
introduction of topological concepts, quasicrystals may be
a versatile platform for observing various topological
phenomenons, such as non-Abelian geometric phases
[28,29,31], non-Hermitian effects [6,30,32], and high-order
topological phases [75,76].
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unfolding approach to Moiré-induced band-gap opening
and Fermi level velocity reduction in twisted bilayer
graphene, Phys. Rev. B 95, 085420 (2017).

[55] A. I. Goldman and R. F. Kelton, Quasicrystals and crystal-
line approximants, Rev. Mod. Phys. 65, 213 (1993).

[56] C. Janot, Quasicrystals. A Primer 2nd (Clarendon Press,
Oxford, 1994), Vol. 30.

[57] K. Wang, S. David, A. Chelnokov, and J. M. Lourtioz,
Photonic band gaps in quasicrystal-related approximant
structures, J. Mod. Opt. 50, 2095 (2003).

[58] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.127.043901 for
(1) the generation of supercell of quasicrystals, (2) spectral
weight of band-unfolding scheme, (3) numerical methods
used to calculate eigenmode, far-field polarization states and
Q factor, (4) multipolar expansions, (5) point-group sym-
metry of eightfold quasicrystal and empty-lattice bands,
(6) cluster model of the octagonal quasicrystals, (7) extrac-
tion of polarization vector fields from experimental data, and
(8) results of freestanding photonic quasicrystal slabs, which
includes Refs. [60,61].

[59] J. E. S. Socolar, T. C. Lubensky, and P. J. Steinhardt, Pho-
nons, phasons, and dislocations in quasicrystals, Phys. Rev.
B 34, 3345 (1986).

[60] A. Gelessus, Character tables for chemically important point
groups, https://symmetry.jacobs-university.de.

[61] S. M. Lubin, A. J. Hryn, M. D. Huntington, C. J. Engel, and
T.W. Odom, Quasiperiodic Moiré plasmonic crystals, ACS
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